In an earlier investigation, we proposed population boundaries for both inspiralling and masstransferring double white dwarf (DWD) systems in the distance independent "absolute" amplitudefrequency domain of the proposed space-based gravitational-wave (GW) detector, LISA. The massradius relationship of individual white dwarf stars, in combination with the constraints imposed by Roche geometries, permits us to identify five key population boundaries for DWD systems in various phases of evolution. Here we extend these boundaries to both inspiralling and mass-transferring neutron star-white dwarf (NSWD) binary systems, which occupy distinct sub-domains than DWDs, in the "absolute" amplitude-frequency space. Assuming that the currently known ultra-compact xray binaries (UCXBs) are NSWD systems in conservative mass transfer (CMT) phase, we assess the limits and applicability of our theoretical population boundaries with respect to observations. The fairly known issue of the apparent clustering of UCXBs in the orbital period range of 40 ∼ 50 minutes can also be explained through our population boundaries, noting that the evolutionary time-scale for these systems is approaching the hubble time, hence more systems accumulate at longer orbital periods. We suggest that if LISA measures just the GW amplitude h and frequency f and if by independent means we know the (DWD or NSWD) binary system is undergoing conservative mass transfer, then the population boundaries proposed here can be used to set limits on the distance to these binaries.
Introduction
The proposed space-based GW detector, LISA 1 (Laser Interferometer Space Antenna) (Faller & Bender 1984; Evans, Iben, & Smarr 1987; Bender 1998) , is sensitive to GWs in the 10 −4 − 1 Hz frequency range. Within this band, one of the most promising sources are DWD binary systems, as it is expected that a large fraction of main-sequence binaries end their lives as close DWDs (Iben & Tutukov 1984 . For this reason, the GWs emitted by these systems in our Galaxy may form a background noise in the low frequency (≤ 3 × 10 −3 Hz) band of LISA. The population of DWDs in our Galaxy is expected to be dominated by systems that undergo two distinct, long-lived phases of evolution: an "inspiral" phase, where both the stars are detached from their Roche lobes and the loss of angular momentum in the form of GW emission causes the two stars to slowly spiral in towards each other; and a "stable mass transfer" phase, where the less massive star fills its Roche lobe initially and starts transferring mass steadily to its companion. An example of the stable mass transferring systems are the AM CVn type systems, of which 18 are known through electromagnetic observations 2 .
Apart from DWDs, NSWD binary systems are also one of the promising sources of GWs for LISA. Various authors (Kim et al. 2004; Cooray 2004) have estimated the GW background from these systems and concluded that they are order of magnitude smaller than the background signal produced by DWDs. Similar to DWDs, NSWD systems also undergo inspiral and stable mass transfer phases. Specifically, several studies (see for example: Nelson et al. 1986; Belczynski & Taam 2004a; Nelemans et al. 2006) have suggested that one of the possible formation scenarios of the so-called ultra compact x-ray binary (UCXB) systems, with orbital periods ≤ 80 minutes, is that a low mass white-dwarf donor (≤ 0.1M ⊙ ) transferring mass to an accreting neutron star (NS) primary in a short orbit. In this scenario, a detached NSWD binary system initially evolves to a minimum orbital period as angular momentum is lost from the system due to GW radiation. At this minimum orbital period, the companion white dwarf (WD) star starts filling its Roche lobe and transfers mass to the NS and the system evolves to longer orbital periods. At present, there are 12 known UCXB systems with measured orbital periods, see Table1. Some of these systems have accreting millisecond pulsars (XTE J1807-294, XTE J1751-305 & XTE J0929-314: see Markwardt et al. (2002) , for example) and several of them are found in globular clusters as the stellar density and close encounters are more common (Clark 1975; Ivanova et al. 2007) . The total population of field UCXBs may be low, ∼ 10 ( Belczynski & Taam 2004a; Cooray 2004) and theoretical studies by Belczynski & Taam (2004b) indicates that even at the Galactic center, accreting NS systems do not contribute much to the faint x-ray population.
In general, the capabilities of LISA as a GW detector are usually discussed in the context of the log (h)-log (f ) domain. Kopparapu & Tohline (2007) proposed that an analogy can be drawn between the astronomy community's familiar color-magnitude (CM) diagram and LISA's amplitude-frequency diagram. Astronomers can produce a CM diagram that is based on the apparent brightness (or apparent magnitude m) of a source from photometric measurements. However, the intrinsic brightness of each source can be determined only if the distance r is measured to the source and the corresponding conversion of m to an absolute magnitude M is made. Similarly, LISA's measurement of log(h) for a given source only tells us how bright the GW source appears on the sky, analogous to the measurement of m. The intrinsic brightness of each GW source can be determined only if the distance r is measured and the corresponding conversion of each measured value of (the apparent brightness) h to a quantity that represents the "absolute" brightness of the source. For LISA sources, the relevant quantity (analogous to M ) is log(rh). The underlying physical properties of individual stars, their evolution, and their relationship to one another in the context of stellar populations can only be determined from a CM diagram if M , rather than m, is used to quantify stellar magnitudes. By analogy, it should be clear that the underlying physical properties of compact binary systems such as DWDs and NSWDs, their evolution, and their relationship to one another in the context of stellar populations can be ascertained only if the observational properties of such systems are displayed in a log(rh) − log(f ) diagram, rather than in a plot of log(h) versus log(f ). Kopparapu & Tohline (2007) discussed the DWD binary systems in this context of "absolute" amplitude-frequency domain. Here, we will extend the discussion to NSWD binary systems and compare the population boundaries between both of them. We also discuss the limits and applicability of these population boundaries in the log(rh) -logf space within the context of observed AM CVn and UCXB systems.
Evolution of NSWD binaries in the amplitude-frequency domain
In order to describe the evolution of NSWD systems in the "absolute" amplitude-frequency domain of LISA, we will assume that (1) all orbits are circular, (2) Kepler's third law holds true between orbital period and separation, (3) the total angular momentum of the system is given by the orbital angular momentum, assuming the spins of both the stars are ignored, (4) total mass of the system is constant implying that a NSWD binary system undergoes conservative mass transfer (CMT) phase and (5) the angular momentum is lost from the system only through GW radiation and this loss is accurately described by a quadrupole radiation formula. Recalling the parameterization used in Kopparapu & Tohline (2007) , the plus and cross polarizations of a gravitational-wave in the quadrupole approximation (Peters & Mathews 1963) generally takes the form h + = h norm cos[φ(t)] and h × = h norm sin[φ(t)], where h norm is the characteristic amplitude of a gravitational wave given by
(1) and the phase angle φ(t) is a time-dependent function of the gravitational-wave frequency f of the binary. In Eq.(1), r is the distance to the binary from Earth, Ω is the orbital frequency, M 1 and M 2 are the individual masses of the stars in the binary system and we assume that M 2 < M 1 , a is the orbital separation, M tot is the total mass of the system given by M tot = M 1 + M 2 and q = M 2 /M 1 is the mass ratio. As mentioned in the introduction, since the WD star starts filling its Roche lobe to begin a mass transfer phase in a NSWD binary system, we will denote the donor WD star with subscript d and the accreting companion NS as a, instead of the subscripts 1 and 2. This notation will be followed even during the detached inspiral phase of the evolution. Hence,
Also the maximum mass of a WD (and also the minimum mass for a NS) is assumed to be Chandrasekhar mass, M ch = 1.44M ⊙ and the maximum mass of a NS is set to 3M ⊙ .
In the case of a detached DWD or a NSWD system inspiralling as a result of loss of angular momentum due to gravitational radiation, we can re-write the above Eq.(1), as shown in Kopparapu & Tohline (2007) , as
where the dimensionless mass parameter,
is the chirp mass and Q ≡ q/(1 + q) 2 . Notice that, for DWDs, the maximum value of K = 1 occurs at M = 1.25M ⊙ (q = 1, M tot = 2.88M ⊙ ) but for NSWD binaries, the maximum value of K is 1.39 and occurs at M = 1.75M ⊙ (q = 0.5, M tot = 4.32M ⊙ ). This is purely due to the upper limit on the mass of the WD, M ch . Similar to a DWD system, where a K = 1 creates a maximum inspiral trajectory in the log[rh norm ]−log[f ] plane, a K = 1.39 makes the limiting inspiral trajectory for NSWD binary systems in this plane. This limiting trajectory is plotted in Fig 1 as a red line with a slope of 2/3 (see Eq. (2)) beyond which a detached inspiralling NSWD can not be found.
The phase of a detached inspiral evolution terminates when the low mass WD companion comes into contact with it's Roche lobe to initiate a phase of mass-transfer. Since the donor is a WD star this contact period can be found by equating the radius of the star with the Roche lobe radius. Here, for the radius of the WD, we use Eggleton's mass-radius (M-R) relationship for zero-temperature white dwarfs 3 , as quoted by Verbunt & Rappaport (1988) and also by Marsh et al. (2004) :
and for Roche lobe radius, we use the expression from Eggleton (1983) ,
where R d and M d are the radii and mass of the WD respectively, M p = 0.00057M ⊙ and R L is the radius of the Roche lobe. In Fig. 1 , the orange filled circle represents the termination (contact) point of the maximum inspiral trajectory (red line), after which the mass transfer phase begins. The lower (green) dashed curve shows the locus of the termination (contact) points of all detached inspiralling NSWD binary systems keeping the minimum mass of a NS at 1.44M ⊙ with varying M tot . Similarly, the upper (blue) dashed curve is the locus of termination points for detached inspiralling NSWD systems with NS mass of 3M ⊙ ( assumed maximum mass for a NS here).
Once the mass transfer phase is initiated, the orbital separation a starts increasing and the system evolves to lower amplitudes and frequencies. The evolutionary trajectories can be then traced out by assuming that the donor WD star is marginally in contact with it's Roche lobe and conservative mass transfer (CMT) holds true. For DWDs, an upper bound for these CMT trajectories can be obtained which then defines a boundary within which mass-transferring DWDs will exist. This limiting boundary for DWDs can be obtained for systems with M tot > M ch (because, then, eventually M a will exceed M ch ) when their q drops below a critical q ch
Not surprisingly, this very same boundary becomes a lower termination bound (bottom green dashed curve in Fig. 1 )for detached inspiralling NSWD systems because the minimum mass for a NS is assumed here to be M ch . We can apply Eq.(6) for getting the upper termination boundary (top blue dashed curve in Fig. 1 ) for NSWD systems with the only change being that M ch in Eq.(6) should be replaced by the maximum mass of a NS, 3M ⊙ . In that case, for NSWD systems with M tot > 3M ⊙ , the critical mass ratio q NS below which a NSWD binary can not exist, is
The region indicated as "V" in Fig.1 , then, consists of all mass-transferring NSWD systems, beyond which none will be found.
The inspiral phase of a NSWD binary evolution is driven by the loss of the angular momentum due to GW radiation. Consequently, the time dependent behavior of the orbital angular momentum J orb can be written as (Peters & Mathews 1963) J
where the inspiral evolutionary time scale is,
It is worth noting that the time scale of evolution in both inspiral and CMT phases is of the order of ∼ τ chirp (Kopparapu & Tohline 2007 ). Therefore we have drawn "chirp" isochrones also in Fig.1 and each isochrone has a slope of −2 in this log(rh norm ) -log(f ) space, as can be seen from Eq.(9) due to the dependence on the product of rh norm and f 2 . This implies that a given NSWD (or a DWD) binary system, in either inspiral or CMT phase, spends τ chirp amount of time corresponding to the GW frequency that the binary is emitting. At lower frequencies, the value of τ chirp is larger compared to that of at higher frequencies. A consequence of this behavior is that more binary systems accumulate at lower frequencies. As mentioned in the introduction, the background noise arising due to millions of DWDs at the lower frequency band (≤ 3 × 10 −3 Hz) of LISA is due to the fact that the value of τ chirp for these systems is ∼ 10 10 years, approaching Hubble time (see Fig.2 ). Unlike DWDs, where the limiting inspiral trajectory is for q = 1, M tot = 2.88M ⊙ , the maximum inspiral trajectory for detached NSWDs is obtained when q = 0.5, M tot = 4.32M ⊙ due to limit on the maximum mass of the WD (M ch ). The region indicated as "V" represents the region where mass-tranferring NSWDs can exist, the ( green) lower dashed curve and the (blue) upper dashed curves are the locus of termination (contact) points of detached inspiralling NSWD systems with NS mass of 1.44M ⊙ and 3M ⊙ , respectively. The (orange) filled circle represents the contact point for the maximum inspiral evolution trajectory. Several chirp isochrones (see Eq.(9) and corresponding discussion), indicating the time scale of the evolution, are also shown.
3. Comparing population boundaries of NSWD and DWD binary systems.
In Fig.2 , population boundaries for both NSWD (left panel) and DWD systems (right panel) are shown in the log(rh norm ) -log(f ) space. In the case of DWDs (Kopparapu & Tohline 2007) , the top (red) line with positive slope indicates the maximum inspiral trajectory beyond which no DWD binary system can exist. From Eqs.(2) & (3), this happens when q = 1 and M tot = 2.88M ⊙ (M a = M d = 1.44M ⊙ ). The bottom thick (red) curve represents the locus of termination (contact) points of all detached inspiralling DWD systems with q = 1, which is the maximum mass ratio, for different total masses. Therefore an inspiralling DWD system can exist anywhere between these two curves within the region indicated by I. Once the detached inspiral phase of a DWD comes to an end, the donor WD fills its Roche lobe and mass transfer phase begins. As explained in §2, then the orbital separation between both the WDs starts increasing and the system evolves to lower amplitudes and frequencies. Since, for DWDs, the accretor's mass can not exceed M ch , another boundary arises beyond which mass-transferring DWDs will not exist. The (green) dashed line in the right panel of Fig.2 , indicates this boundary where the accretor's mass reaches M ch for all DWD binary systems. Hence, the region bounded between the (green) dashed curve and bottom (red) curve (termination boundary for q = 1 systems) indicates that the population of DWDs undergoing CMT can exist only in this region indicated as II. As in the case of Fig.1 , constant "chirp" isochrones are also drawn indicating the time scales of evolution for systems in different phases 4 .
Recalling from §1, in order to transform from log(h norm ) (GW "apparent magnitude") to log(rh norm ) (GW "absolute magnitude") space, LISA needs to measure the distance r to the binary system. This r can be determined either through independent electromagnetic (optical/x-ray etc.) observations or through the measurement of rate of change of GW frequency,ḟ by LISA. The relation between the unknown binary parameters r, M tot and q and the observables h norm , f andḟ can be written as (Kopparapu & Tohline 2007 )
where g = 0 in the inspiral phase of evolution and hence, it is easy to determine r from h norm , f andḟ through Eq.(11). For mass-transferring systems g is a function of M tot and q, which are also unknown and Eq. (11) does not provide an explicit relation to solve for r. But, the requirement that in the mass transfer phase, R d = R L provides an additional relationship between the observable f and the system parameters q and M tot . In combination with Eqs.(10) & (11), we can solve for all the unknown system parameters r, M tot and q. In general, solving the three system of equations analytically is difficult due to the complexity of the function g(q, M tot ). However, Kopparapu & Tohline (2007) considered the formulae that Paczyński (1967) adopted for mass-radius relation for a white dwarf and Roche lobe radius, to simplify the function g and solved for r, M tot and q (see their Fig. 2 ).
The determination of r and/or the masses of the stars in DWD/NSWD binary system depends on the determination ofḟ . If anḟ can not be measured for a system, then there is no way to tell whether that system is a NSWD or DWD system based only on LISA observations. If anḟ can be measured, and if it turns out to be negative, then it is possible that particular system is a mass-transferring system (DWD or NSWD). But since these two types of systems fall in different regions on the log(rh norm )-log(f ) diagram (Regions II & V in Fig.2 , respectively), it is also possible to tell whether it is a mass transferring NSWD or mass transferring DWD just based on the "value" of theḟ . The same thing cannot be said about inspiralling NSWDs (the region indicated as I in the left panel of Fig.2) because there is fairly a good overlap of DWD inspirals (Region I on the right panel) and even a measurement of positiveḟ would unlikely be able disntinguish these two types of inspiralling systems.
There may be a large number of individual DWD systems for which LISA is able to confidently measure h norm and f , but notḟ . Without a direct measure ofḟ , it will not be possible to determine distance to these systems. Nevertheless, the population boundaries that have been identified in Kopparapu & Tohline (2007) and in the present discussion for DWDs and NSWDs, respectively, provide useful limits on the distance r for such systems. Consider, for example, a system whose measured GW frequency is Log[f ] = −2.5 (f = 3.16 mHz) . If there is an independent evidence that such a system is a DWD in the CMT phase of its evolution (e.g., the system is known from optical observations to be accreting) then the system is restricted to Region II in the "absolute" amplitude-frequency diagram. It then tells us that r must fall in the range,
On the other hand, if it turns out that the system is a NSWD in CMT phase, then r must fall in the range,
A curious issue is as we go down to low frequencies (larger τ chirp ), the width of the region that constraints the mass-tranferring NSWD systems (region V) becomes small. So if LISA measures only h and f for a masstransferring system at these low frequencies (and mass-ratios), and if by independent means we know it is a mass-transferring NSWD system, then C-M diagram can give a much sharper estimate of the distance than for a DWD. This is in contrast with mass-tranferring DWD systems (AMCVn) where, as we move towards low frequencies, the error in distance actually increases due to the increase in the width of Region II. Table 1 
Application to ultra compact x-ray binaries (UCXB)
The formation and evolution of semi-detached interacting binaries with low mass secondaries has been studied extensively in the past (CVs; Warner 1995); (x-ray binaries; Van den Heuvel 1983) . Of particular interest to our present discussion are a subclass of low mass x-ray binary (LMXB) systems called ultra compact x-ray binaries (UCXB) whose orbital periods are ≤ 80 minutes. LMXBs are short period (≈ hours) systems in which the accreting star is a compact object such as a neutron star (NS) or a black hole (BH) and the donor is a hydrogen rich, low mass Main-sequence (MS)/evolved star. On the other hand, the donors in UCXBs can not have MS stars as their companions due to their ultra short orbital periods and must be hydrogen poor (Nelson et al. 1986 ). Some of them have millisecond pulsars (Markwardt et al. 2002) and low mass white dwarfs are considered as donors in these systems (Galloway et al. 2002; Wang & Chakrabarty 2004) . A population study of field UCXBs in the context of x-ray sources (Belczynski & Taam 2004a ) and the contribution of Galactic and extra-galactic systems to LISA's unresolved background noise (Kim et al. 2004; Cooray 2004 ) have been studied before. In this section, we mainly concentrate on the resolvable sources of NSWD and DWD sytems for LISA and try to ascertain the limits of applicability of our theoretical population boundaries, as motivated by observations of various compact binary systems.
In Fig.2 , we show the observed UCXB's (blue stars), detached DWDs (orange cross) and AM CVn systems (blue plus) plotted on top of the NSWD & DWD population boundary diagrams. The distance independent amplitude, rh norm , for these observed systems is calculated using Eq.(2). The donor masses and GW frequency (f = 2/P orb , where P orb is the orbital period) used to calculate rh norm for all the observed UCXBs are given in table 1, where we use the minimum mass value. In the case of UCXBs, we assume the companion NS mass of 1.44M ⊙ . Since we assume that all mass-transferring NSWD systems are UCXBs and the donors in these systems follow zero temperature M-R relation, we would expect these systems to be constrained to Region V. Clearly, some of the UCXB systems do not reside in this region because the donor masses for those systems were derived using either a "warm" equation of state (EOS) (Deloye & Bildsten 2003) or more simplified M-R relation by Paczyński (1967) . Since our population boundaries are based on Eggleton's M-R relationship for zero-temperature white dwarfs (Eq.4), any system's donor mass found utilizing this relation should be found within Region V.
As pointed by Markwardt et al. (2002) , it is likely that some of the donors in UCXBs have "warm" low mass WD donors to conform with observations. Deloye & Bildsten (2003) calculated finite entropy M-R relation models for low-mass donors in UCXBs with different compositions. While these more realistic models indicate the limits of applicability of our population boundaries, assuming zero temperature M-R relationship for donor WDs would allow us to depict, in a concise and clear way, the various evolutionary phases of compact binary systems (DWD/NSWDs) independent of the distance.
5 The open circles in the left panel of Fig. 2 represent the systems for which orbital periods are measured but the masses are yet unknown. Since we assume that UCXBs are mass transferring NSWD systems and the donors are zero temperature WDs, they should be constrained to Region V. Accordingly arbitrary values of log(rh norm ), that would place these systems within this region, were assigned without changing their known orbital periods.
It appears that many of the known UCXBs statistically cluster around orbital periods of 40 ∼ 50 minutes (Log[f ] = −3.08 ∼ −3.17, vertical dashed lines in the left panel of Fig.2 ). In general, evolutionary arguments predict more systems at longer orbital periods (Deloye & Bildsten 2003; Belczynski & Taam 2004a; Nelemans et al. 2006; Kopparapu & Tohline 2007) because the evolutionary time-scale, τ chirp , reaches hubble time (∼ 10 10 years), as shown by the constant τ chirp lines in Fig. 2 . Furthermore, there are more number of systems at around ∼ 42 minutes than at other orbital periods. It is quite possible that since the donor mass and the mass-transfer rate decreases towards longer orbital periods (Deloye & Bildsten 2003) , the systems are fainter and are hard to detect 6 . There are three systems at around orbital periods of ∼ 50 minutes and it may happen that more systems may be found around this period. Recently, six additional candidate UCXB systems were found (in 't Zand et al. 2007 ) for which orbital periods are yet to be determined.
Unlike the observed UCXBs, it appears that AM CVn systems exhibit no preferential clustering though most of them lie below 30 minute orbital period (Log[f ] = −2.95). The mass values are taken from Deloye et al. (2005) Table 1 and Stroeer & Vecchio (2006) . The detached DWD systems are also plotted. Notice that, as mentioned in §3, if LISA observations are the only information we have, i.e a measurement of h and f then, there is no way to tell whether these detached systems are inspiralling NSWDs or DWDs, because of the overlap of regions between these two systems.
Summary
In the previous sections, we have outlined the construction of population boundaries in the distance independent "absolute" amplitude-frequency domain (log(rh norm ) -log(f )) of LISA, to illustrate the various evolutionary phases that a NSWD binary system would undergo and attempted to draw parallels between the CM diagram that is generally used in astronomy. In doing so, we compared these with DWD population boundaries, discussed in Kopparapu & Tohline (2007) assuming that the donor WDs follow zero temperature M-R relationship. We noted that if LISA measures only h norm and f , then we would not be able to differentiate between a NSWD or DWD, if no independent observations (optical/x-ray) are available. On the other hand if anḟ is measured and if it turns out to be negative, then the value ofḟ would indicate if it is a mass transferring NSWD/DWD system. We also showed that if there is an independent evidence that a particular NSWD/DWD system is undergoing CMT phase, then it is possible to set limits on the distance to the system. Furthermore, a sharper estimate on the distance can be obtained for mass transferring NSWD systems than for DWDs in CMT phase because of the regions they occupy in the log(rh norm ) -log(f ) space (regions II and V in Fig.2 ).
Comparing the population boundaries with observed UCXBs, we found that some of them do not reside in the restricted regions for mass-transferring NSWD systems because for those systems the masses were derived using a "warm" M-R relation, in contrast to the zero temperature M-R relation used here. There are currently 12 UCXBs with known orbital periods (in 't Zand et al. 2007 ) and some of them are confirmed to be in globular clusters. In Fig.3 , we plot the known UCXBs and AM CVns on top of LISA's sensitivity curve 7 (SNR = 1) to assess the detectability of these systems. In the case of known UCXBs, it is clear that only one system (4U 1820-30) has enough signal strength to be visible to LISA, whereas some of the known AM CVns emit GWs above the instrumental and DWD background noise. Population synthesis models indicate that the total number of UCXBs in the field is expected to be ≥ 10 (Belczynski & Taam 2004a; Cooray 2004) but not too high and the extragalactic NSWD background noise is not expected to contribute much to the DWD noise (Kim et al. 2004) . Combined with the expectation that the relative population of NSWD is low compared to DWDs and short period systems donot stay longer at those periods, it is likely that LISA will be able to measureḟ for more number of DWDs than NSWDs. But on the brightside, although LISA would not be able to measure f , any information on the location of the source given by LISA in combination with follow-up observations in optical/x-ray, to find these systems would then be useful, as the population boundaries described here can then be used to estimate the binary system parameters such as the distance and masses of individual components of the binary.
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